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Abstract

In this paper, we investigate Lie bialgebra structures on nondegenerate flat Lie algebras, which
are solvable Lie algebras admitting an orthogonal decomposition into an abelian subalgebra
and an abelian ideal. These algebras correspond precisely to the Lie algebras of Lie groups
endowed with a flat left-invariant Riemannian metric. We establish a decomposition theorem
for 1-cocycles, showing that any 1-cocycle can be expressed as the sum of a coboundary and
a cocycle mapping the abelian subalgebra into the space of invariant bivectors. Using the Big
Bracket formalism ; an algebraic framework that efficiently encodes Lie bialgebra structures,
we obtain a classification of such structures on nondegenerate flat Lie algebras. Finally, we
illustrate these structures through a series of examples.

Keywords: Lie bialgebras, Poisson-Lie groups, flat Lie algebras, Yang-Baxter equation, Big
Bracket.

1. Introduction

Lie bialgebras, first introduced by Drinfeld in 1983 [5], are fundamental algebraic struc-
tures that arise in the study of Poisson-Lie groups and quantum groups. They constitute the
infinitesimal counterpart of Poisson-Lie group structures and play an important role in the
quantization of these structures.

A Poisson-Lie group is a Lie group endowed with a Poisson structure, such that its multi-
plication is a Poisson map.The Lie algebra of a Poisson-Lie group is called a Lie bialgebra.

A Lie bialgebra consists of a Lie algebra g along with a 1-cocycle £ : g — /\2 g such that
the transpose map & : /\2 g* — g" defines a Lie bracket on the dual space g*. Lie bialgebras
play an important role in the theory of integrable systems and noncommutative geometry.

An important class of solvable Lie algebras are the flat Lie algebras, which arise naturally
in the study of homogeneous Riemannian manifolds with flat left invariant metrics. Milnor
characterized flat Lie algebras as being 2-step solvable with an orthogonal decomposition into
an abelian subalgebra and an abelian ideal [10]. Further refinements in [8],[?] led to the decom-
position as g = s®3D[g, g] where s is an abelian subalgebra, 3 is the center, and its commutator
ideal [g, g] is abelian even-dimensional.

The study of Lie bialgebra structures on flat Lie algebras is motivated by several factors:

o Connections to deformation quantization: In the context of deformation quantization,
Poisson-Lie groups play a crucial role in establishing connections between classical and
noncommutative geometry. The flatness condition investigated in this work has been

URL: amine.bahayou@gmail.com (Amine Bahayou)



shown by Hawkins [[7],[R] to be related to deformations issues arising in formal deforma-
tion quantization of Poisson structures and therefore one should expect that quantizing
Poisson-Lie groups which integrates the Lie bialgebras listed here should produce quan-
tum groups with a good behaviours in terms of noncommutative geometry, following the
framework developed by Connes.

« Expanding classification results: The classification of Lie bialgebra structures on specific
classes of Lie algebras is an important problem that provides insights into the correspond-
ing Poisson-Lie group structures. For semisimple Lie algebras, Belavin and Drinfeld pro-
vided a complete classification in terms of r-matrices satisfying the classical Yang-Baxter
equation [4]. Other classifications have been obtained for low dimensional Lie algebras
[1],[15]. However, for general solvable Lie algebras, the classification problem becomes
much more challenging due to the lack of powerful representation-theoretic tools available
in the semisimple case.

In this paper, we use the Big Bracket formalism to facilitate our study of Lie bialgebras on
flat Lie algebras. The Big Bracket is an algebraic tool used to encode the structure of a Lie
bialgebra in a compact form, which simplifies calculations. Using this formalism, we aim to
provide a solution to the open problem of classifying all possible Lie bialgebra structures that
can arise on nondegenerate flat Lie algebras. This work is motivated by our prior research [f.

Main result.. We establish a decomposition theorem for cocycles on flat Lie algebras, which
states that any cocycle can be expressed as the sum of a coboundary and a specific type of
cocycle. The latter cocycle maps elements from its abelian subalgebra to its set of invariant
bivectors. Furthermore, we provide explicit descriptions of Lie bialgebra structures for various
classes of flat Lie algebras using the Big Bracket formalism.

The paper is organized as follows: In Section 2, we review the necessary background on Lie
bialgebras and flat Lie algebras, including their characterization and normal forms. Section
3 presents our main results, including the theorem on the decomposition of cocycles and the
classification of Lie bialgebra structures. In Section 4, we discuss several examples illustrating
the application of our results to specific classes of flat Lie algebras.

The results developed in this work may provide a starting point for investigating deforma-
tions of these structures, their cohomological properties, and potential relationships with other
classes of Lie bialgebras.

2. Preliminaries

2.1. Lie Bialgebras

Let (g, 1) be a real Lie algebra and let £ : g — A”g be a 1-cocycle with respect to the
adjoint representation, meaning that for all x,y € g

§([z,y]) = ad, &(y) — ady £(x).

Here, the adjoint action is extended to /\2 g by setting

ad,(y A z) = ad,(y) A z +y A ad(2)



for every x,y, 2z € g.
The pair (g,€) is called a Lie bialgebra if the transpose

2
gt . /\g* N g*

defines a Lie bracket on the dual space g*. This structure serves as the infinitesimal counterpart

to the Poisson-Lie group structure (see [12]).

A linear map ¢ : (g,&) — (h,0) is called a morphism of Lie bialgebras if it is a Lie algebra
homomorphism and satisfies

dop=(pAp)ot.

This condition is succinctly expressed by the commutative diagram
g————h
| lo
2 2
No—— N\b
2.1.1. Characteristic Derivation

For a Lie bialgebra (g, i1, ), the characteristic derivation is an endomorphism of g defined
as the composition

2
¢
De:g— /\ a5 g
This map captures how the cobracket interact with the Lie structure. It is a derivation of the
Lie algebra g

De([z,y]) = [De(x),y] + [z, De(y)] for all 2,y € g,

and its transpose acts as a derivation on the dual Lie algebra g*. Moreover, Dy is invariant
under Lie bialgebra isomorphisms [f].

Ezxample. Let g = span{ey, es, e3} be the Lie algebra with nontrivial brackets
[e1, €] = €3, [e1, e3] = —ea.
Consider the family of Lie bialgebra structures on g defined by the 1-cocycles

E(er) =aey Nea+bey Nes,
E(ex) =cer ANex+bes Nes,
E(ez) =cep Nes —aey N es.

The corresponding characteristic derivation is represented by the matrix

00 O
D=1-b 0 —c
a c 0
Its characteristic polynomial is p(A) = —A3 — ¢®\. So distinct values of ¢ yield non-isomorphic

bialgebras.



2.2. Flat Lie algebras
A Lie algebra g (real of finite dimension) is said to be flat if it is endowed with a positive
definite scalar product (, ) for which the associated infinitesimal Levi-Civita connection, defined
for all z,y, z in g by
2(Vay, 2) = ([z, 4], 2) + {[z, 2], ) + ([z. 9], ) (1)
has zero curvature

R(z,y,2) = Vigyz — (VaVyz =V, V,2) = 0. (2)

In other words, the associated Lie group G of g, endowed with the unique left invariant Rie-
mannian metric extending (,) has its Levi-Civita connection flat.

Proposition 2.1 ([2], [3], [I0]). Let (g,(,)) be a flat Lie algebra. Then g decomposes orthog-
onally as
g=593®g,0l,

where 3 is the center of g, s is an abelian Lie subalgebra, [g, g] is the commutator ideal satisfying
the following conditions:

o [g,9] is abelian and even dimensional,
e ad, =V, forany x in 3P s.

Moreover, from [2], we have the following normal form of a flat Lie algebra:

g = span{si,..., Sk, } ®span{zi, ..., 2y} ®span{dy,...,dom} (3)
where span{dy,...,dsy,} is the commutator ideal of g which is abelian, span{zi,..., 2z} its
center (possibly trivial) and span{si, ..., sy, } its abelian subalgebra such that ky < m and

[SZ’, dgj_l] = )\ij dgj, [Si, dgj] = _)\ij dgj_l for all 7 = 1, c. ,l{o, and j = 1, oo, (4)

Examples 2.2.

1. Any commutative Lie algebra is flat.

2. The Poincaré algebra corresponding to 2-dimensional Minkowski space, is a 3-dimensional
Lie algebra with basis {s,d;, ds}, where s generates the translations and d;, d, generate
the Lorentz transformations. The Lie brackets are given by:

[s,d1] = dy, [s,ds] = —dy, [di,ds] =0,

This algebra constitutes the lowest-dimensional non-abelian flat Lie algebra and serves
as the Lie algebra of the Poincaré group, which is the isometry group of 2-dimensional
Minkowski spacetime.

Henceforth, we shall focus on noncommutative flat Lie algebras.

Remarks 2.3. 1. A flat Lie algebra g is unimodular, 2-step solvable whose nilradical is
precisely 3 @ [g, g].

2. A Lie algebra is called complete if its centre is trivial and its derivations are all inner.
However, a flat Lie algebra is not complete as there is a derivation that maps the sub-
algebra s to zero while acting as the identity on the derived subalgebra [g, g], and this
derivation is not inner.



2.2.1. Isomorphism Class

Two flat Lie algebras (g1, (-,-)1) and (ga, (-, -)2), are said to be isomorphic if there exists a
linear map ¢ : g1 — go that is both a Lie algebra isomorphism and an isometry with respect
to the given inner products.

Let ¢ be an automorphism of a flat Lie algebra (g, (- >), endowed with a fixed scalar
product and a normal basis as specified in (@). Since ¢ is an automorphism, one has

©(3) =3 and o©([g,0]) = lg, 9],

which implies that ¢(s) = 5. Consequently, one may express

where the matrix (ay,;) is invertible. Moreover, we have
adw(si)(dgj_l) = Aij dgj and adw(si)(dgj) = —Ai]’ dgj_l,
with
ko
Az‘j = Z /\pj Oépi.
p=1

It follows that the restriction ,

[9,0]

adip(s:)
is represented by a diagonal matrix whose eigenvalues are {—A%, ..., —A? }; each eigenvalue

—A?j has multiplicity two, with corresponding eigenvectors dg;—1 and da;. On the other hand,

one also obtains
{ad?@(sz) gO(dzj—1> = _)\% SO(de_l),
ad? ) ¢(ds;) = =23 o(dy).

Thus, there exists a permutation o € S, such that for every j = 1,...,m, the automorphism
» maps the plane
Pj = Span{dy;_1, d»;}

onto Fy(;), and the restriction go’ p 18 given by a 2 x 2 orthogonal matrix.
J

The characteristic matriz of a flat Lie algebra is defined in terms of its structural constants
(see (@)). After adopting the convention that the rows correspond to the vectors

L= (Mj, Agjy -5 Akyj), J=1,...,m,

the characteristic matrix is given by

)\11 )\21 e Alc()l
I 9
)\1m )\Qm e )\kom



A key property of this matrix is that it defines an injective linear map; in particular, no row is
identically zero. This property is a direct consequence of the relation

3N[g 9] ={0}.

A change of orthonormal basis in [g, g] that preserves the block-diagonal structure of the
maps ad,, is effected precisely by the following transformations:

1. Permutations of the planes
P, = Span{dy;_1,ds;}, 1=1,...,m;
2. Rotations of each plane P; by an orthogonal matrix
0, € O(2).

Under these operations, the characteristic matrix A is transformed by permuting its row vectors
(i.e., replacing L; by L,;, for some o € S,,,) and by replacing a row L; with —L; whenever the
corresponding orthogonal transformation satisfies det O; = —1.

Moreover, one may perform a change of basis in [g, g] by suitably permuting the planes P,
so that the first ko row vectors of A, denoted L, ..., Ly,, become linearly independent. Simul-
taneously, a corresponding change of basis in s is applied so that these vectors are transformed
into the canonical basis. As a consequence, the characteristic matrix A assumes the form

A Idg,
A )
From this point onward, we fix this ordered orthonormal basis of g, and all subsequent compu-
tations are carried out relative to it.

2.2.2. Nondegenerate Flat Lie Algebras

Let g be a flat Lie algebra with a normal basis as in (#). The Lie algebra g is said to be
degenerate if there exist indices 4, j, k € {1,...,m} such that

Lk:aLi—i-bLj, with a,b € {—1,1}, (6)

where L; denotes the i-th row vector of the characteristic matrix A. If no such relation exists,
g is referred to as nondegenerate.

Remarks 2.4.
1. The flat Lie algebra g, = span{s} @ span{d,, dy, d3, ds} with the brackets

[Sadl] = d?u [SadQ] = _d17 [87d3] = Oéd4, [S)d4] = —Oédg, « 7é 0

is nondegenerate for o # —1,1 and degenerate for o = +1.

2. The definition above is coordinate-free. Indeed, the condition (B) remains invariant under
any automorphism of flat Lie algebras, as demonstrated earlier (see []).

3. The nondegeneracy condition ensures that certain matrices arising in our analysis of
cocycles will be invertible, which significally simplifies the classification problem.



3. Main Theorems

3.1. Notations
Let g be a flat Lie algebra with its decomposition given by (B):

g = span{sy, ..., Sk} ®span{z, ..., 2y} Espan{dy, ..., dom}.

Let £:g — /\2 g be a cocyle on g. The coefficients of &(si), £(2x), £(dak—1), (dax) are denoted

k 2%k—1) (2k o : 2
respectively aw, 5]( )), aEJ ), agj ). and so on, similarly for a bivector r € A\ g, namely
E(sk) = E ar GsiNsjt+ E bl " si A\ zj + E c”sl/\dgj 1+ g ewsz/\dgj
1<i<j<ko 1<i<ko 1<i<ko 1<i<ko
1<j< 4 1<<m 1<5<m
+ E zl/\z]—ir E gm 2 N doj—q + E hZ]Zz/\dgj
1<i<j<by 1<i<ty 1<i<ty
155<m 15j<m
k k k
+ E my; dai—1 N dgj—1 + E nijdai—1 A daj + g Pij dai N\ daj.
1<i<j<m 1<i,j<m 1<i<j<m

Forall k =1,...,m, adg,, , 7 = ®p A dy; and adg,, r = dox—1 A Pj, where

ko—1 /p—1 ko—1
D) = (Z /\]kau) S1 + Z <Z AikQip + Z )\jkapj> Sp + (Z )\ikaikg) S

J=p+1
Lo ko
+ Z (Z Azk@g) Zj + Z <Z i kCZ]> dQJ 1 + Z (Z i k6”> dgj

3.2. Cocycles of a flat Lie algebra

Consider a flat nondegenerate Lie algebra g with its normal basis as specified in (@). Let A
represent its characteristic matrix given in (8). Denote the rows of A as L; fori =1,...,m, and
let P; be the planes generating the commutator ideal [g,g] = @, P;. The following theorem
outlines all possible 1-cocycles on g.

Theorem 3.1. Let £ : g — /\Zg be a cocycle on a flat nondegenerate Lie algebra g. Then &

can be uniquely decomposed as
¢ =adr+ R, (7)

where r € N*g and R: g — N\°g is a cocycle such that
R(s) C (A’9)’
o R(Pg) C (5AP@)@(3/\P[> foralll=1,....m

Proof. o We first establish that any cocycle restricted to s can be written as ad rq+ R, wher
R takes values in invariant bivectors.

o We then extend R to a cocycle on the entire g by analyzing the cocycle condition on the
commutator ideal [g, g].



o Finally, we show that for nondegenerate flat Lie algebras, the components of the cocycle
R in /\2 [g, g] vanish identically, which completes the characterization.
Let {s{,..., 85,21, 20,d],...,d5,} be the dual basis of the dual vector space g*. We
apply successively 2-forms o € /\2 g* to the cocycle identities, i.e.

o (M€ (dae)) = a(ad, E(dae—1)) — a (ada,, , E(sk))
—a (Are§(dae-1)) = a (ads, §(dae)) — o (ada,, §(si)) -

We apply successively s; A d3,, s; ANd5,_q, 27 Nds,, 27 A\ d3, and we get

ey = My =7 (@), Meh? = MgV =27 (@),
)\kg (% b = —)\MGEEZ) —1-82< ((I)g) ’ /\kg (% b = _/\thé) + zf (@g)

ie. egz) cggz_l), hg?é) = ggf_l), st (®y) =0 and z; (Py) = 0. But we have

)\11 )\21 .. )‘kol Ok aIfZ e azko
1<t<m | ool
1<i<k
=r=ro )\1m )\Qm BN >\k0m _a’]fk() _agko [N 0
We deduce from the injectivity of A that ak = 0 and similarly b’g = 0.
We have for all k,¢ =1,..., ko, ads, 5(35) = ads, £(sk), namely
)\kjcfj - )\ngZ- =0.
This implies that the vectors (cj, ..., fjo) and L; = (Aij,...,A\g,;) are linearly dependent.

So there exists a real number c;; such that Czy = ¢;j\j. Similarly, for the other coefficients:
e = €ijAkjs 95 = Gij Mg Il = hijhes.

We have
—)\gipfj + )\gjm = —)\kipfj + )\kjmfj, )\gm + )\g] = —)\/ﬂngﬂ + )\k] ”,
APl — Aaml; = Aggpl; — A Agnl; — Aenly = Xggnby — Ans,
then i i , ,
{ ()‘éj — i) (pzj + m?) = O‘kj — Aki) (pz% + mz%) )
(Agj + i) (pij - mij) = (A + Awi) (pij - mij)
therefore
ko koo
{ piz‘i = Ajj\; + BijAki, . likewise { ni, = jj\ej + bij A,
mi; = —BijAkj — AijAki ni; = —bijAkj — @ijAki

So &(z) = ad, o + R(z) for all z € s with

Z ZZ/\Z]—FZTL”dQZ 1/\d2“ and

1<i<j<{p i=1



= Z €ij Si N dzjfl + Z —Cij S A dgj + Z hij Zi N\ dzjfl + Z —Gij Zi A dgj

1<i<ko 1<i<ko 1<i<to 1<i<to
155<m 155<m 1<5<m 1<<m

+ Z aij i1 N dgj_1 + Z Bij dyi—1 N daj + Z —Ajijdaj—1 N dy;

1<i<j<m 1<i<j<m 1<i<j<m

+ > by dy Ay

1<i<j<m

Note that r( is uniquely determined mod s-invariant elements of /\2 g, namely

me(sA[g,g])@(M[MD@( @ PAP)

1<i<j<m

We have )

€|y, = adro+ R, with R(s@j) C (Asg).

Define R
R =¢ —adnr,

which is a 1-cycle extending R to [g, g], uniquely determined modulo ( A’ g)ﬁ. As a cocycle, we
have

R(g.9]) C 9/ lg.9);
and for every k=1,...,kgand £ =1,...,m,

{Akﬁ ﬁ(dze) = ad,, ﬁ(d%—ﬂ,
—)\kg é(dzg_ﬂ = adsk /R(d%)

Moreover, for all 1 < k,¢ < m, the following relations hold:

adgy,_, é(d%) = aday, E(d%—l),
ada,,_, R(dy1) = ada,,_, R(dy1), (9)
ady,, R(dy) = adgy, R(dy).

In particular, for any distinct indices k, ¢ € {1,...,m}, we obtain

Z)‘Zk (26-1) _ Z)‘zk (2¢-1) Z)‘Zﬂ sz o)

In matrix form, if we denote by A the characteristic matrix and set
C = (5 N 1cicr, = (Co | O,
(cieigigho = (Co| O1)

then AC is a diagonal matrix:

0
Ido * 0

Ac_%)(co\cl)_ z
0o o0 - *



This implies that

A 0
CO = T. s Cl = 0, and A100 = 0;
0 ... cZko—D)

koko

that is,

D =0 foralli,j=1,...,k (j #14) andforall j=4ko+1,...,m.

ij
Similarly, if we define
E = (e izizw = (Bo | Bv),

1<e<m

then AFE is skew-symmetric:

(1dy, (5 At
e () e = (4 ).

which shows that Ey = S and E; = S AY. On the other hand, one has

i egze—l) s; N dge = adg,, | <Z aij Si A Sj)
i=1 —
if and only if
0 a1z e g
(Bo| B) = S(idy | AY), with S=| ° 0 - am
—Q1g, —Qok, -+ 0

Thus, we obtain Ey = S and £, = S A!. In a similar fashion, the identity

Lo
Z hﬁﬁ_l) Zj A\ dgg = add%_1 (Z bij 8; N Zj)
j=1

holds if and only if
B= HO and H1 = H()Ai,

where B = (bij>1§i,j§£0'
In summary, there exists a bivector

2

r € (/\5) ® (sA3)

such that R B
R =adr; + R,

10



where R is the non-exact cocycle extending R to [g,g]. Henceforth, we will simply denote R
by R.

For the coefficients of R(das—_1), R(da) in A\’[g, g] we derive the following systems from the
cocycle condition:

2 2%-1
Akt 0 Mej =Nk m(zijz)) 0 Akt 0 =i Ak m(z(‘zje_l))
0 Akt =Mk Ak Dij _ 10| _ 0 Akt Ak — Ak Dij
Akj o =Mk Ak 0 i 0 ki i A 0 nis)
— ki /\kj 0 Yy, n(gé—l) 0 Nk _)\kj 0 Ao n(%)
ji ji

a C
The matrices M (a, b, c) = (2 8) , where a, b, ¢ € R, are commuting, diagonalizable and their
C a

eigenvalues are a — b — ¢, a — c,a+b—c,a+ b+ c with corresponding eigenvectors

-1 1 -1 1
-1 -1 1 1
171 -11"|-1]"1(1
1 1 1 1

Since g is nondegenerate, then 0 is not an eigenvalue of M (Mg, Agj, —Ak;), for some k. Then all
the coefficients of R(dy—1) and R(d) in P; A P; are zero. O

Remarks 3.2. 1. The decomposition £ = adr + R is unique.
2. This decomposition remains valid in the case of degenerate flat Lie algebras; however, the
cocycle R may have non-zero coefficients in A*[g, g].

Having established the decomposition of cocycles on flat Lie algebras, we now introduce a
powerful formalism that will allow us to characterize when such a cocycle defines a Lie bialgebra
structure.

3.3. Cobrackets on flat Lie algebras

In this section, we will introduce the concept of the Big Bracket and utilize it to determine
all possible cobrackets on nodegenerate flat Lie algebras.

3.3.1. Big brackets

The Big Bracket provides an elegant and powerful framework for studying Lie bialgebras
by unifying the Lie algebra and Lie coalgebra structures into a single mathematical object.
This approach allows us to express the compatibility conditions between these structures in a
compact form, simplifying both theoretical analysis and concrete calculations.

Let V be a finite-dimensional vector space over the real field K = R, and let V* be its dual
vector space. We consider the exterior algebra

Aven=o (o NMomeNM0).

We say that an element o of A(V* @ V) is of bidegree (p,q) and of degree |o| = p + ¢ if it
belongs to AP2(V) = ATV @ APTHV).

11



The big bracket is the graded Lie-algebra structure [-,-] on the graded vector space A\(V*®
V) =@ APV(V)

[ /\(M)(V) « /\(p’,q’)(v) . /\(p+p’,q+q’)(v)

uniquely determined by the following properties:

i) [o,0'] =0, if o and ¢’ both belong to K& V or to K& V*.

() [ g

(ii) forall o € V, o’ € V*, [o, 0] = o'(0),

(iii) for all o € A(V @& V™) of degree k, [o,-] is a graded derivation, i.e., for all ¢’ and ¢”, of
degree k' and k"

[o,0' Ac"] = [o, 0] A" + (=16 Ao, 0"].

Additionally, as a graded Lie algebra, we have the graded anticommutativity property: for all
o,0 € NF(V & V™) of degree k an &/

[0,0'] = —(=)*[0', 0], (10)
and the graded Jacobi identity, i.e. [o,-] is a graded derivation of degree k,

[0 10", 0"]] = [lo, 0], "] + (=1)* [0, [0, " ]]. (11)

The explicit formula for the big bracket of decomposable elements is as follows. For ¢ ® x €
ATV @ N V) and ney € ATV @ ATHV)

p
[f@zn@y] = (""" (~1PENin@zo A .. AT A ATy AY
=0
¢
— (=1 (=1 EAN@ T AY A AT A A
§=0

Where i,,m denotes the interior product of a form 7 with a vector z;, and the hat sign denotes
an omitted factor. For a detailed treatment and for useful formulas see [I3] and [i4].

This bracket satisfies graded anticommutativity and the graded Jacobi identity, making
N(V* @ V) a graded Lie algebra.

The central insight for Lie bialgebra theory is that the triplet (V, 1, €), where ju: A°V =V
and € : V — A’V are linear maps (viewed as elements in \* V*®V and V*® > V respectively),
defines a Lie bialgebra if and only if:

[n+&p+E=0. (12)

This elegant equation encapsulates all the axioms of a Lie bialgebra:
o The Jacobi identity: [u, pu] = 0.
o The co-Jacobi identity: [, £] = 0.

12



« The cocycle condition: [u,&] = 0.

We will use the following useful formula: For x*,y* € V* and ry, 7y € /\2 V
[2" @71,y" @1 = —2" @ (ra Niyr1) — Y™ @ (11 Adgera) . (13)

Lemma 3.3. Let g be a flat Lie algebra with its normal basis (B). Let € : g — A’g be a
1-cocycle. Then the following are equivalent:

L [§,¢]=0.
2. Forallx € g, F(x) =0 where

ko Lo m m
= E(sp)Nigg &)+ E(zp)Aiss (@) + Y Eldapr)Niay, &)+ E(dp)Nigy &().
p=1 p=1 p=1 p=1

Proof. Let & € g*@/\2 g be a 1-cocycle on a flat Lie algebra and decompose it as £ = & +. .. +&y,
where &; corresponds to the components of £ in the normal basis. We have for any w € /\3 g

[§.&) (si@w) = ([[51,51]] +2 ) [[51@’]]) (si @w)

1<j<4
ko Lo

== 2 (D E(sy) Mig€ls) + D E(zp) Aiz(si)
p=1 p=1

m

+ ) &dap) Niag, (E(si) + Y Eldp) A id;ﬁ@i)) :

p=1
By considering [, £](x ® w) for all = in the basis of g, we obtain the desired result. O

We now explicitly formulate the quadratic equations arising from the co-Jacobi condition .
In the tables below, coefficients associated with the cocycle R are indicated by superscripts.

w ‘ <w7F(zi)> (i:]-a"-aeo)
* " « 2%k—1) ((i
55 N oy N oy (2k—1) (( ) QCgk ))n(;(g(k)) ( ) £(())
zj Ny Ny, 2951, o : + D 1<p<i kk fm Z <p<to " ‘ (fJ)P @
Z; N Z,: N ZZ Zl<p<£ f] p Z€< <€0 fép Zl< <k " fpk

(2)) P))
+2k<pgzo gz fk:p +Z1<p<gsz fp] Zj<p§£0fk€ f]p

w | (w, F(s:)) (i =1,...,kp)

S A5, Ay, 2024 Unkk
* * * 2k—1) 4 i .
2 N day_y A dy 29( )nkk + 2 1<p<j ”é(lf)) In 2 j<psto ) f; i

* * * )
z2i Nz Nz Zl§p<€ fjkl() pe Ze<p<eo gk J;ép Zl<p<k f]e o ))pk
+ 2 kep<io sz 'fi ko T 21<p<; e Foi = Xjapzte Frt L
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w | (w, F(d2i—1)) (izl ce.,m)

ko
25Nz Ndsy; z:l (fl Dpr oy Z gpfl 1) f](](cp))
p:
& 2i-1)) (@)
5 A2 A ds zls*@n sz (z*( 4R £
p:
* % * 21 1 21—1
ds; y Nds; Ndy; g Z C n” + Z 9( )ngg »)
ko ZO
* * * * * 21 1 * * *
dyjy N dyy N dy, Zl sy (D) nj; + Zl (Zp(q’z) +h ) p) + ds;_ 1 (Pi)d5; 1 (D)) + d5;(Pi)d3;(P;)
b= b=

If the 1-cocycle & = ad r 4+ R satisfies the co-Jacobi identity, i.e., [¢,&] = 0, then the condition
[R, R] = 0 is equivalent to the following system for all i > k:

Zh(m R

(14)
I
S
\ p=1

where f](,gp ) and ng-g-p ) encode the contribution of the central component j3.

This condition is automatically satisfied in the following cases:

o When the center is trivial, i.e., 3 = {0}, any Lie bialgebra structure (g,adr + R) implies
that (g, R) defines a non-exact Lie bialgebra.

o When kg = m, meaning the dimension of the derived ideal [g, g] equals twice the dimension
of the abelian subalgebra s, the vanishing of [R, R] is ensured when ¢ satifies the co-Jacobi
identity, and (g, R) constitutes a non-exact Lie bialgebra structure.

w ‘ (w, F(s:)) (1 =1,...,ko)
sTAspNdyy Aie <—6kg cﬁz_l) + e c,(ff_l) — e 85(Pe) + cj s}i(@@)
st A sy N\ dy, Aiv (Ckg cﬁg*l) Cjt c,(ff b — ey 3*.((135) +eje s,ﬁ(@@)

sy ANz Ny | A (—hke Cﬁz_l) tejegs ™ = gre st (®0) + cie (21 (®e) + hiy TV ))
s; N zp Nds, Aie (gkz Cﬁe_l) Cje g,if Y — hye s% ((IDE) + €0 (25(Pe) + hk?f 1) ))

K— 20—1
p=
+Ghe ( (@) + hﬁf : ) g (zk@o +hE ™))
ko
* * * -1 20—1
2; Nz N d5, zZ( Z Cpe f]k + z 9pet f](k + gkfgj(g ) — gjég](ge )
=1

— Dy ( *(Dy) + h(% 2 ) + hje (zk(fbe) + h(% b > >
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w ‘ (w F(dzi_1)> (’L: 1,...,m)
s5 N dg; 1 N ds; (Z )‘pl e 1)) $5(Pi)d3;(Ps) + (21 Vs, (D)

5 Ny A, —gﬁ(zlAm-c;%"l>)—( (@) + B ) d (@) + g Vs (@)

w | (w, F(dg)) (1=1,...,m)
adnds | e (5™ + 500 (@0 + V(@)
g A | = (e )+ (500 + 1) i (0 + 00

The expressions for F(dy;) are identical to those for F(dg;_1) for all w not listed in the table
above, up to a sign change.

We will describe here all the possible solutions of the co-Jacobi equation.

We have forall 1 < j<k</{yandalli=1...,m

ki
Zpo 1 Cpi ]k + Zp—l gp'L ](k ®)) =0
ki
Zpo 16pi f k + Zp:l hopi fjk =

For i > ko we have either

1.
g =0 = 2 (gi) + RSV forall j=1,..., 4
s3(¢i) =0, forall j =1,..., ko
dzj—1(¢i)d;j—1(¢j) + d;j((bi)d;j(gbj) =0, forall j=1,...,m, (j # Z)

or

2. d3;_4(¢1) = 0 =d5;(¢s) and

(S s1(0
SR si(o

—i—z z (¢ )—l—h2j1 £ =0, forallj=1,....m

(2

05) [

- @i-n\ () _ _ oy
)n“—l-z »(05) + hy; n;; 0, forallj=1,....,m, (j#1)
1)

)

<
Zf;olgz(n f](()) 0 f0r3111§]<k'§€0
| gl =, forall j=1,...,m

—Cki Cj; S*f((bi) . 0 . .
(_eki eji> <3i(¢z)> = (0) ,forall 1 <i<j <k (15)

(21 1)
€ji Cji (" ' ki
(_Cji eji> <zk(gz5z) + h (2i— U) S](¢Z) (hkz) ’

foraﬂg:l,...,ko,k:1,...,120. (16)
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We assume the condition (I3) verified and we look for r € A” g solution of the Yang-Baxter
equation so that r defines a triangular Lie bialgebra structure compatible with the no exact
one defined by R, i.e. [adr, R] = 0.

3.3.2. Exact bialgebra structures
If £ = ad r then, (g, &) is a Lie bialgebra precisely when [r, r] is a solution of the Yang-Baxter

equation, that is,
3 g
[r,r] € (/\9) : (17)

In particular, any bivector r satisfying [r,r] = 0 is called triangular (a solution to the classical
Yang-Baxter equation).

The bracket we use is the Schouten-Nijenhuis bracket, defined for X,Y € /\2 g and for all
w e /\3 g* by Lichnerowicz’s formula:

(W, [X,Y]) = —(d(iyw), X) — (d(ixw),Y) + {dw, X AY)
= iyw(pu(X)) +ixw(u(Y)) + (dw, X NY),

where the linear map pu : /\2 g — g is the Lie bracket of g.
Let g =5 ® 3P [g,9] be a nondegenerate flat Lie algebra. A cocycle £ = adr + R on g is
exact if and only if R = 0.

Since ry € (5/\[9,9])69(5/\[9,9])@( <) B/\Pj) and 7 € A5 @ s A 3, then for

1<i<j<m
r =ry+ ry, we have

[7",7‘] = [r0770]+2[70,71] =mq+...+mg

corresponding to the direct-sum decomposition into s-modules noted respectively My, ..., Mg:

2 2
(@?Hs A\ R-) ® (@;"15 AN H) ® (1<i§'i-<m[9’g] AP A Pj)

@( @ sABAPj>@< e 5/\PZ-/\Pj>

@ (s A3 A g, 0) @ (/\sA [m]) ® (/\zm [m]) -

If [r,7] is g-invariant then [r,r] = m; + my with my € M}, my € M3 = M,. This follows from
the fact that M = {0} for all i = 3,...,8. This relies on the following lemma:

Lemma 3.4. Let g=5s® 3P (% H) be a nondegenerate flat Lie algebra. Then
j=1
L (PAPAP)={0} forall1 <i<j<k<m.
m 9 ko
2. (69 s A /\2 Pj) = {Z a; 8; N doi_1 /\dzl}, where o; # 0 only if N\jj = 0 for all j > k.
j=1

i=1

16



Proof. 1. Suppose that

m = (Gi dai—1 + b; d2i> A (Clj daj_1 + b; d2j> A (Clk dok—1 + by, d2k>
is an element of P; A P; A P;. Then the condition
adg, m =0 forallp=1,... ko,
holds if and only if
0 =X —Ap; 0 —Api 0 0 a;a;ay
0

0
)\pk 0 —)\pj 0 _)\pi 0 0 aibjak
>‘pj 0 0 _/\pk 0 0 _/\pi 0 (Zibjbk
A
0

0 )\pj )\pk 0 0 0 0 — Api bibjbk —0
)\pz 0 0 0 0 _/\pk _/\pj biajak VRS
0 )\pz‘ 0 0 )\pk; 0 0 _)‘pj bibjak
0 0 )\pi 0 )\pj 0 0 _)\pk biajbk
0 0 0 )\pi 0 )‘pj >\pk 0 aiajbk
This system can be rewritten in the block form
A \ — Ay 1d X\ 0
MiId| A Yy )
So Ay Y = AX and (A% + X% 1d) X = 0. Since the eigenvalues of A? are
—(Apj — )‘pk)2 and  — (Ay; + )‘pk‘>2a
and because g is nondegenerate, there exists some p € {1,..., ko} for which —)\ii is not

an eigenvalue of A2, This forces X = 0 and hence Y = 0, implying that m = 0.
2. Assume that
m =S; A dgj_l VAN dgj

is g-invariant. Then necessarily, we must have ¢ = j; otherwise, one obtains adg,, m =
dai—1 N dgj—1 A daj # 0. Moreover, one computes

add2p_1 m = _)\ip dgp A dgjfl A dgj, add2p m = )\ip dgpfl A\ d2j71 N dgj.

Thus, m is g-invariant if and only if A;, = 0 for all p # ¢, which is equivalent to saying
that >\ij =0 for all g > ko.

]
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w ‘ <w’ [T07T1]>

s; N zp Ndyy 4 - (Z/\pk(—apz‘) + Z/\pkaip> hij

p<i 1<p
* * *
s; Nz N dsy, DAk (=pi) + D Apktip | G
p<i 1<p

k‘o kO
FAAN z;-‘ N dsy_q <Z )\pkbpi> hjr — (Z )‘pkbpj> h
Z;k A Z; A d;k (Z Apkbpz> ik + (Z )\Pk’bpj> Jik

CHA dSJ A (Z/\pk(_api) + Z/\pk'aip> Nk + (Z/\m —api) + Y Apiip | g

p<i 1<p p<i 1<p

si N dy; g N dy, <Z')‘pk(_api) + Z)‘pkaip> Mk — (Z/\pj —ap;i) + Z/\pjazp> DPijk

p<t 1<p p<i 1<p

p<i 1<p p<t 1<p

ko
zi Ndgj y Ny (Z )‘pkbpi> Mjk — (Z )‘pjbm> Tkj
zi Ndy;_y N dy, (Z )‘pkbp2> My =+ (Z Am@ﬂl) Djk

p=1 p=1

k’o k/'O
Z;< A d;] N d;k — (Z )\pjbpi> Nk + (Z Apkbpi) N
p=1 p=1

s; A dyy N dy (2/\193‘(_%@‘) + Z)‘pjaip> Mjk — (Z)‘pk —api) + Z)‘pkaw> Tk;

Theorem 3.5. Let (g =5® 3D [g,9],adr + R) a nondegenerate flat Lie algebra.

1. If g* is unimodular and r € (/\2 g)g then [r,r] = 0. More precisely, ro and ri are two
compatible solutions of the classical Yang-Baxter equation.

2. If ry =0 then the dual Lie algebra g* is not semisimple.

Proof. 1. Recall that a Lie algebra is unimodular if its modular form vanishes identically.
For the dual Lie algebra g*, this condition can be expressed as follows:

tr(ad?) =277, tr(ady, ) = 2d5(®,), tr(adl) = —2d5_,(®;),

and

r(ads,) = 22912” DIV EDPN

p<i i<p

As established earlier, the condition [r,r]| € (/\3 g)g (that is, the Yang-Baxter equation)

18



is satisfied if and only if » = ry + 71 lies in the subspace

m 2 s m 2

S () oD (s An)

j=1 j=1

where 7y and r; are as described in the main theorem. In particular, this implies that
pu(r) = p(ro) = 0, where pu denotes the Lie bracket. Moreover, for any 3-form w in
s* AN Pyt A N’ P;, we have dw = 0, so

([r,r],w) = 2(r A u(r),w) + (r Ar,dw) = 0.

Similarly, ([ro, 7o}, w) = 0, and thus [r,r] = [r, 9] = 0. Therefore, both ry and 7, provide
compatible solutions to the classical Yang-Baxter equation.

2. For the second statement, suppose r; = 0 and assume, for contradiction, that the dual
Lie algebra g* is semisimple, thus unimodular. Observe that, for all ¢ = 1,... ky and
j=1,...,m, the dual Lie brackets are given by

ko kO
R _ * * k] *
[Si7d2j71] = T § :)\pjszﬂ [8i7d2j] = Cij § :)\Pjsp'
p=1 p=1

This demonstrates that s* is a nontrivial abelian ideal in g*, which is a contradiction.
Therefore, g* cannot be semisimple if v = 0.

]

4. Examples

4.1. Low dimensional examples

Dimension 3. Let g = span{s,d;,dy} be the flat Lie algebra with the brackets [s,d;| = da,
[s,da] = —di. A 1-cocycle on g is of the form

€(s) = asANdy+bsNdy+cdy Nds
ﬁ(dl) = 63/\d1+bd1/\d2
f(dg) = 68/\d2 —(ldl /\d2

The transpose map &' is a Lie bracket on the dual vector space g* if and only if ¢ = 0 or e = 0.
In both cases the dual Lie algebra is solvable.
For any 7 € A*g, [r, 7] is ad-invariant and

[r,r] =0&1r=cd Ndy (c € R),

i.e. the unique solution to the classical Yang-Baxter equation consists of the invariant elements
within /\2 g which give rise to a trivial cocycle.
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Dimension 4. Let g = span{s, z,d;,ds} be the flat Lie algebra with the brackets [s, d;] = da,
[s,dy] = —di. A 1-cocycle on g is of the form

£(2) = M dy A dy

£(s) = cusANdi+ensANdy+guzAdy+hyzANdy+nydy Ady
&dy) = COsndy+gWVady+hzdy+ ey dy Ads

E(dy) = CVsAndy—hYzdi + gV edy — ey dy A do.

The transpose map &! is a Lie bracket on the dual vector space g* if and only if

((1)

ny . =np =0 or ¢;1=0
ey —engly +enhly = 0
hid) —engly —euhl) = 0.

In these three cases the dual Lie algebra is solvable.
For any 7 € A*g, [r, 7] is ad-invariant and

[rl]=0<r=asANz+bzAdy +czAdy (a,b,c €R).

5. Flat Poisson-Lie groups

The simply connected Lie group whose Lie algebra is flat is given by G = R*0 x R%+27 with
the product (z,y,z) - (X,Y,2) = (x+ X,y + Y,z +ad, Z), where
J1 Z
ad, Z = ™7 = :
Jm Z2m

where each J; is a 2 X 2 skew-symmetric matrix.
The spaces of left invariant and right invariant vector fields are given respectively by:

Xp(G) =(Days 0y ) @ Dy ey Dy ) @ (Dis ., Do)

Xr(G) =(E1, ..., Eyy) ®(0yy, -+, 0y ) ® {0y 5 Oy),s
where

Dyy_y = cos (Zfil )\igl‘i) 0z,,_, +sin (Zfil )\ig.’ll'i) 0s)

Dy = —sin (Zfil )\z‘ﬂi> Ozgp_y + COS <Zfi1 /\iﬁxi> Oz
and

Ek = axk + Akl(_ZQam + ZlaZQ) + ...+ )\k’m(_ZQmOZQm_1 + Z2m—1622m)

6. Conclusion

Despite the apparent structural simplicity of flat Lie algebras, the comprehensive classifi-
cation of bialgebra structures on these algebras presents significant computational challenges.,
with the degenerate case remaining unexplored. Given that degenerate flat Lie algebras can be
obtained as contractions of their nondegenerate counterparts, this suggests that insights from
this work may extend to the degenerate setting.
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