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In this paper, we consider the following 2generalized quasilinear Schrédinger equation with nonlocal term —div (g2 (u)Vu) + g(u)

g’ (W)|Vul* + V(x)u=Ax| ™ # |uf]|ulff *u, x € RN, where N >3, g : R — R* is a C" even function, g(0) =1, g’ (s) =0 is for all s

>0, ‘ Ilim g(s)/|s|*" =B >0 is for some > 1, and (a«—1)g(s) > g’ (s)s is for all s>0, 2a <p <2a(N - u)/N -2, and 0 < < N.
s|—+00

We prove that the equation admits a solution by using a constrained minimization argument.

1. Introduction and Preliminaries

The main purpose of this paper is to investigate the existence
of solutions for the following generalized quasilinear
Schrodinger equation with nonlocal term

~div (g% (u)Vu) + g(u)g' () |Vu* + V() = A[|x|# 5 |uf] [ulu, x € RN,

(1)

where N>3, g: R—R" is a C' even function, g(0)=1,
g'(s)=0 is for all s>0, ‘ |lim g(s)/|s|* " =p>0 is for
S|—+00

some a>1, and (a—1)g(s) = g'(s)s is for all s>0, 2a<p
<2a(N-p)/N-2,and 0<pu<N.

When g(u) =1, (1) boils down to the socalled nonlinear
Choquard or Choquard-Pekar equation

—Au+ V(x)u=A[|x|#  [ulf]juf Pu,x e RN, (2)

Such like equation has several physical origins. The
problem

—Au+u= [|x\’1 * |u|2]u,xElR3 (3)

appeared at least as early as in 1954, in a work by Pekar
describing the quantum mechanics of a polaron at rest [1].
In 1976, Choquard used (3) to describe an electron trapped
in its own hole and in a certain approximation to Hartree-
Fock theory of one component plasma [2]. In 1996, Penrose
proposed (3) as a model of self-gravitating matter, in a pro-
gram in which quantum state reduction is understood as a
gravitational phenomenon [3]. In this context, equation of
type (3) is usually called the nonlinear Schrodinger-Newton
equation. The first investigations for existence and symmetry
of the solutions to (3) go back to the works of Lieb [2] and
Lions [4]. In [2], by using symmetric decreasing rearrange-
ment inequalities, Lieb proved that the ground state solution
of equation (3) is radial and unique up to translations. Lions
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[4] showed the existence of a sequence of radially symmetric
solutions. Since then, many efforts have been made to study
the existence of nontrivial solutions for nonlinear Choquard
equations. Wei and Winter [5] showed that the ground state
solution is nondegenerate. Ma and Zhao [6] considered the
generalized Choquard equation

~Au+u =[x |u ] u| (g2 2) (4)

and proved that every positive solution of it is radially sym-
metric and monotone decreasing about some fixed point,
under the assumption that a certain set of real numbers,
defined in terms of N, y, and ¢, is nonempty. Under the same
assumption, Cingolani, Clapp, and Secchi [7] gave some exis-
tence and multiplicity results in the electromagnetic case and
established the regularity and some decay asymptotically at
infinity of the ground states. In [8], Moroz and Van Schaftin-
gen eliminated this restriction and showed the regularity,
positivity, and radial symmetry of the ground states for the
optimal range of parameters and derived decay asymptoti-
cally at infinity for them as well. Moreover, they [9] also
obtained a similar conclusion under the assumption of
Berestycki-Lions type nonlinearity. We point out that the
existence, multiplicity, and concentration of such like equa-
tion have been established by many authors. We refer the
readers to [10, 11] for the existence of sign-changing solu-
tions, [5, 12] for the existence and concentration behavior
of the semiclassical solutions and [13] for the critical nonlo-
cal part with respect to the Hardy-Littlewood-Sobolev
inequality. For more details associated with the Choquard
equation, please refer to [14-16] and the references therein.

In the past, even the research on the existence of solitary
wave solutions for the Schrédinger equation with local term

~div (g*(u)Vu) + g(u)g' (u)|Vul” + V(x)u=f(x,u),x e RN
()

is for some given special function g(-), see [17-19]. However,
related to the nonlocal equation (1), as far as we know, there
is no result in this direction. In this paper, with the aid of the
new variable replacement developed by Shen and Wang in
[18] and inspired by [20, 21], existence of solutions for
equation (1) have been established. Problem (1) has a var-
iational structure, and the corresponding energy functional
is defined by

1 1
3 ]RNgz(u)|Vu|2dx+§ o
A -
1 MRl
2p RN

1
=5 ]RNgz(u)|Vu|2dx+E .

P P
(A EROF
2p Jpen x =y

V(x) utdx

(6)

V(x) wldx
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However, I is not well defined in H'(RY) because of
the term [y g*(u)|Vul*dx. To overcome this difficulty, we

make a change of variable constructed by Shen and Wang
in [18]: v:= G(u) = [ g(t)dt. Then, we obtain

J(v) = %JRN|VV|2dx+ %JRN V(x)G’l(v)zdx

M Oy [T

1 1
= —J |Vv|*dx + —J V(x)G ' (v)*dx
2 | gy 2 | gy

_ AJ G v 16 o)
2p Jgov ="

dxdy.

We say that u is a weak solution of (1), if

(rw.e)=| {e0vave+ gt wrvare
+ V(x)up = A[|x[* # |uf’] |u["ugp}dx =0
(8)

for all ¢ € CX(RY). Let o= (1/g(u))y. By [18], we know
that the above formula is equivalent to

, G (v
(rmwy=| {ww +V(x) g(G—(()))w
(1<« |G ()]'] |Gl<v>\”cl<v>w}
dx=0

N oG )

©)

for all y € C3°(RY). Therefore, in order to find the solution

of (1), it suffices to study the solution of the following

equation:

[+ [ )P ]6 )P 6 v)
9(G'(v)

G(v)

GO

-Av+ V(x)
g9

(10)

In this paper, we assume that the following condition
holds.
(V)V e C(RY,R), 0< V= inf V(x), and lim V(x)=

xeRN x| 00
+00.

Set Hi(RY)={veH'(RN): L[RN[|VV|2 + V(x)v*]dx<+
oo} with the norm

Iy = | 1997+ Ve (1)
]RN

Then, by the proof of Lemma 4 in [22], the embedding
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Hi,(RN)'LY(RYN) is compact for all ¢ € [2,2*). Moreover, for
any a > 0, we define m,, := il}\/t; E(v), where
veM,

G (v(x) |G (v |

R |x =y

M, = {veHlv(lRN): J

dxdy = a}

E(v) ==J UVV|2 + V(x)G_l(v)z} dx.

]RN

(12)
Our main result is the following:

Theorem 1. Suppose that (V) is satisfied, then, there exists
A, — +00 such that equation (1) with A = A, has a solution.

2. Proof of Theorem 1

To begin with, we give some lemmas.

Lemma 2 (see [23, 24]). The functions g, G and G™' possess
the following properties:

(1) G(s) < g(s)s<aG(s) forall s > 0; G(s) = g(s)s = aG(s)
foralls<0

(2) G (9)s1g(G™(s) < |G ()" < (G (s)s/9(G™'(5))
forallseR

(3) |s|* < (a/B) | G(s) | forallseR

Proposition 3 [25] (Hardy-Littlewood-Sobolev inequality).
Let r,t>1 and 0< pu <N with (1/r) + (u/N) + (1/t) =2. Let
ge L (RY) and h e L'(RN). Then, there exists a sharp con-
stant C, ., independent of g and h such that

x)h
|J J dedﬂsc,,N,H,tllgllrIIhIIz- (13)
reJry X -y

Proof of Theorem 1. The proof consists of two steps.

Step 1: we prove that for each a >0, m, is achieved at
some v, € M, which is a weak solution of equation (10) with
A=A, satisfying A, € [(m,/aa), (am,/a)).

For fixed a > 0, let {v,} c M, be a minimizing sequence
for m,, ie, v,€H}(RY) satisfying [ (/G (v,(x))]
|G (v, ()P 1|x = y|*)dxdy = a such that E(v,) —m, as n
— 00. We assert that there exists a constants C; > 0 such that
E(v,) > C, LRNHan|2 + V(x)v?]dx. Indeed, we may assume
that v,, # 0 (otherwise, the conclusion is trivial). If the conclu-
sion is false, then for any positive integer n, we may assume
that

B = VP + VG e < iy
1]RN " ‘ (14)
= _J [\an|2 +V(x)v;]dx.

n Jry

Set w, =v,/||v,lly: and g, = G (v,) v, "124{,- Then,

J |an|2dx+J V(x)g,(x)dx — 0, (15)
RY RY
which implies that

J Vw,|[*dx — 0, J V(x)g,(x)dx — 0, J V(x)widx — 1
IRN ]RN ]RN
(16)

as n — 00. Then for each € > 0, there exists a constant C, > 0
independent of n such that meas(Q,) < ¢, where Q, == {x €
RY : |G (v,(x))|=C,}. Otherwise, there exist ¢, >0 and a
subsequence {G'(v, )} of {G™'(v,)} such that for any pos-
itive integer k,

meas(Q,, ) =& >0, (17)

where O, ={xe RN : |G’1(vnk(x))| >k}. By (V), one has

C2E(v,)= J]RN V(x)G (v, (x)) dx

> J V(x)G™ (v, (x))zdx > Vok’ey — +00
Q,

(18)

as k — +00, a contradiction. Noting that as |G (v,) | <C,, by
Lemma 2 (1) and monotonicity of g, we have

v, < (G (v,))G ' (v,)? <47 (Cy)G ' (v,)*. (19)

Hence,

J , V(x)widx < gz(Cz)J V(x)g,(x)dx —0. (20)
RM\Q,

RN

By the integral absolutely continuity, there exists £ >0
such that whenever Q ¢ RN and meas(Q) <e, [,V (x)wpdx
< 1/2. For this €, one has

1
V(x)widx < —
]RN\Qn 2

JRN V(x)widx = JQ V(x)widx + J

n

+ J V(x)widx,
RYQ

n

(21)

which implies 1<1/2, a contradiction. Therefore, up to a
subsequence, there exists v, € Hj,(RY) such that v, > v,
in H},(RY), v, >v, in L'(RY) for 2<t<2*, and v,(x)
—v,(x), a.e.,, on RY. By means of the definition of weak
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convergence, we know

0< J Vv, =Vv, | dx = J Vv, |*dx
RN RN
+ J |Vvu\2dx - ZJ Vv, - Vv, dx,
RN RN
(22)

which implies that

limian |Vv,,|*dx > liminf H
n—0o ]RN n—00 ]RN

(23)
By Fatou Lemma, we have

n—00

J]RN V(x)G(v,)%dx < limian]RN V(x)G(v,) dx.  (24)

Consequently, E(v,) <liminf[[ v Vv, |* + Jax V()G
(v,)’] = liminf E(v,). Moreover, by the Hardy-Littlewood-
n—-oo

Sobolev inequality and Lemma 2 (3), one has

dxdy

J G )l )
RN |x—)/‘”

2N-u/N
<C| ’G’l (vy) |‘D"§N/2N7,4 < C(JRN |Vn|2N‘D/a(2N_”)dx> .
(25)

Since 2 <2Np/a(2N — ) <2*, by Lemma A.l in [26]
and Lebesgue’s dominated convergence theorem, we can
easily infer that IRZN(\G’l(va(x))|p|G’1(va(y))|P/|x—y\”)d
xdy=a, and so v, € M,. Hence, m, < E(v,) <liminfE(v,)
=m,, which means that m, is achieved at some v, € M,.

Moreover, by a standard argument, we can conclude that
v, is a weak solution of

Gy [\xw *|G(v) |P} G W6 ()
) 9(G'(v)) '
(26)

Multiplying the above equation by v, and integrating
over RV, one has

2 Gil(vu)va
Joul d“JRNV(")g(G*(m)
[ |G PG v ) PG (v )
| [l # |G (“”]LG 6 v
RN g(G (va))
(27)

Vv, - Vv, dx — J |Vva\2dx] = J |V, |*dx.
]RN ]RN
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By Lemma 2 (2), we obtain m,/aa <A, <am,la.
Indeed, by Lemma 2 (2), we have

1 1 1 3 1 5
5 Ma= aE(va) = U |Vv,| dx+J V(x)G (v,) dx
SJ |Vv,[*dx + J V(x)G ™ (v,) dx
RN R
-1
sJ |Vva|2dx+J Vi) SVl g
RY R 9(G(va))
s}taJ (5[ # 67 o) ] |67 (va)fdx =, -a,
RY

ie, A, =m,/aa. Furthermore,

a

m, =E(v,) :JRN|Vva|2dx+J V(x)G ™ (v,)*dx

Gl
G1(r,)

> |Vva|2dx+J V(x) (
}|G_1(va)|pdx: % -a,

RN RN g
A
s I R Ak

04 RN

(29)

ie, A, <am,/a.

Step 2: we prove that A, — +00 as a — 0.

If the conclusion is false, then there exists a constant G,
>0 and a, — 0(n — 00) such that A, =1, <G,. Set v, :=
v, » by Lemma 2 (2) and Hardy-Littlewood-Sobolev inequal-
ity, we have

LR |V, [dx + [R V(x) %
o [l + |G l(vn>|"]_|1G )Gy
RY 9(G (Vn))
< A"JRN [+ G )] |67 ()= Ay,
<Gy-a,—0
(30)

as n — 00. Since 2 < 2Np/a(2N — p) < 2%, there exists a con-
stant 6 € (0, 1) such that 1/2Np/a(2N — u) = (6/2) + (1 -0/
2*). Consequently, by Lemma 2 (3), (V), Holder inequality,
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and Young inequality, one has

J R 167 ) 7 H < CJRNW”'MW(ZN_M dc
— CJ |Vn|62Np/a(2Nj4) |Vn|(179)2Np/a(2N7[4) dx
RY

62Np/a(2N—, 1-0)2Np/a(2N—
< C”Vn”2 pla( M”Vy,”gv )2Npla( )

< COlv,
+C(1 = 6) v, 5NN

<C (JRN V(x)vidx

+ C(J |Vv,|*dx
]RN

< C(JRN [[Vv,|* + V(x)v;]dx

2Npla(2N—-p)
2

> Npla(2N—y)
) Npla(2N—pu)
) Npla(2N-p)

Npla(2N—-p)

< c(J [[Vv,)* + V(x)G'l(v,,)z]dx>

RY

(31)

Hence, again, by Lemma 2 (2) and Hardy-Littlewood-
Sobolev inequality, we have

9(G (va)
< AnJ [l 67 ()] |67 (v, s

]RN
- »
<CLIGT () [ NN -u

<C-G, (LR [V, + V(x)G ' (v,)] dx)m

pla
<C-G, (J}RN [|Vv,,| + V(x) g(Gl(vnn)] dx) ,

and so  [pu[|VV,[° + V(x)(G(v,)v,/g(G ™ (v,)))ldx > C
since p/a>2 > 1, a contradiction. By steps 1 and 2, we com-
plete the proof of Theorem 1.

J |an|2dx+J V(x)
RY RY
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